ABSTRACT A vertex v of a graph G uniquely determines (resolves) a pair (v 1 , v 2 ) of vertices of G if the distance between v and v 1 is different from the distance between v and v 2 . The metric index is a distancebased topological index of a graph G, which is the least number of vertices in G chosen in such a way that each vertex of G can be determined uniquely by its distances to the chosen vertices. The metric index of a family of graphs is said to be constant if it does not increase with an increase in the number of vertices of graphs in the family. Otherwise, it is said to be unbounded. In this paper, we develop an algorithm to construct a larger order circulant network from the smallest order circulant network. Then, we consider two families of circulant networks: one in the context of constant metric index; and other in the perspective of the unbounded metric index to counter the popular belief that the metric index of circulant networks will never depend upon the number of vertices.
I. INTRODUCTION
A basic problem in drug design consists of finding a compound satisfying various constrains defined over a spectrum of chemical and biological properties. Although the problem of designing drugs pervades much of pharmaceutical research have yet to become significantly involved in this important realm of research. A fundamental problem in pharmaceutical chemistry is to find out the unique representations of chemical compounds in several molecular structures(graphs). The intention behind uniquely representing the chemical compounds is to determine whether any two compounds in the structure share the same functional group at a particular position. This comparative statement plays a fundamental part in drug discovery whenever it is to be determined whether the features of a chemical compound is responsible for its pharmacological activity [1] , [2] . The solution of this fundamental problem was addressed by one of the distance based topological indices, which is called metric index (metric dimension).
A topological index is a numeric number associated to a graph which completely describe the topology of the graph, and this number is invariant under graph isomorphisms. Actually they are designed on ground of transformation of molecular graph into a number which characterizes the topology of The associate editor coordinating the review of this manuscript and approving it for publication was Shouguang Wang. that graph. Due to the chemical significance of topological indices, remarkable research has been done on topological indices of various families of graphs. In 1947, to study the boiling points of paraffins, Wiener introduced the first non-trivial distance based topological index. He named this index the path number, and later on it was called the Wiener index [3] . The research interest in Wiener index and related indices is still considerable (see the bibliography [4] - [7] and therein). This index was given in terms of edge weights which, originally, was defined on trees. Traditionally, its generalization on general graph G is defined as
d(u, v).
During the last two decades, a large number of generalizations and extensions of this topological index has been introduced and studied by various mathematical chemists. An extensive bibliography on this matter can be viewed in [8] and [9] . In the following, we define a well-known parameter in the context of distance based topological indices.
A. METRIC INDEX
Let G be a non-trivial connected graph with vertex set V (G) and edge set E(G). We write u ∼ v if two vertices u and v are adjacent(from an edge) in G and write u ∼ v if they are non-adjacent (do not form edge). The distance d (u, v) between two vertices u and v of G is defined as the length of shortest u − v path in G, where length is the number of edges in the path. A vertex u of G resolves two distinct vertices v and
is called a resolving set for G if every two distinct vertices of G are resolved by some elements of R. Such a set R with minimum cardinality is called metric basis or simply basis of G and the minimum cardinality is called metric dimension of G, denoted by dim(G) [10] . Obviously, the metric dimension of a graph G is a topological index, which is a distance based topological index, and suggests those minimum number of vertices of G which uniquely determine all vertices of G by their shortest distances to the chosen vertices. We call this topological index a metric index of G, and we denote it by MI (G) rather than dim(G).
The concept of metric index (metric dimension) was first introduced in the 1970s by Slater [11] and, independently, by Harary and Melter [12] . Slater described the usefulness of this idea into long range aids to navigation [11] . Besides its application in pharmaceutical chemistry, it has applications in problems of pattern recognition and image processing, some of which involve the use of hierarchical data structures [14] . Other applications of this concept in navigation of robots, in networks and other areas appear in [10] and [15] . In recent years, a considerable literature regarding this notion has developed [10] , [13] - [22] . Further, detail of the application of metric index in robot navigation and in chemistry is described in the IEEE Access article [13] .
B. CONSTANT METRIC INDEX
Let G = (G n ) n≥1 be a family of connected graphs G n depending on n as follows: the order |V (G n )| = ϕ(n) and lim n→∞ ϕ(n) = ∞. If there exists a constant C > 0 such that dim(G n ) ≤ C for every n ≥ 1, then we say that G has bounded metric index, otherwise G has unbounded metric index. If all the graphs in G have the same bounded metric index (which does not depend upon n), then G is called a family with constant metric index [23] . The idea of constant metric index is an interesting idea and has some practical significance as in expanding the existing networks such that we do not require more points (nodes) in the network but still the position of every vertex in the network can be uniquely described in terms of its distances to the sonar/loran detecting devices in the set.
II. CIRCULANT NETWORK
Let n, m and a 1 , a 2 , . . . , a m be positive integers, 1 ≤ a i ≤ n 2 and a i = a j for all 1 ≤ i < j ≤ m. An undirected graph with the set of vertices {v i+1 ; i ∈ Z n } (Z n : additive group of integers modulo n) and the set of edges {v j v j+a l : The family of circulant networks is an important class of graphs, which is useful in the design of local area networks [24] . Circulant networks have played a vital role for decades in the design of computer and telecommunication networks due to their optimal fault-tolerance and routing capabilities [25] . They also constitute the basis for designing certain data alignment networks for complex memory systems [26] . Because of remarkable applications, circulant networks have been the subject of much investigations: the chromatic index [27] , Connectivity [28] , Wiener index [29] , revised Szeged spectrum [30] , M polynomial and many degree-based topological indices [31] , first and second K Banhatti indices [32] , some distance-based topological indices [33] , [34] for circulant graphs are studied. In the context of metric index, Javaid et al. [23] considered a family of circulant networks C n (1, 2) (also known as the Harary graph H 4,n ). Further, due to the investigations of metric index of circulant networks made by Salman et al. [22] ; Javaid et al. [35] ; Imran and Bokhary [36] ; Imran et al. [37] , and Grigorious et al. [38] , it became a popular belief that the metric index of circulant networks will never depend upon the number of vertices in the networks. But, regrettably, this popular belief is not true, as we give a counter example in this paper. Initiatively, we extend the study of constant metric index to the circulant networks C 2m+1 (1, m), m ≥ 2, and after this, we consider circulant networks C 2m+2 (1, m), m ≥ 2 in the context of unbounded metric index, which is a counter example of the aforesaid popular belief.
III. ALGORITHMIC CONSTRUCTION, CODING AND TWINS
We furnish an algorithm to construct C 2(m+2)+1 (1, m + 2) from a given C 2m+1 (1, m) . We use this construction to show that a subset of V (C 2m+1 (1, m)) which resolves the vertices of C 2m+1 (1, m) also resolves the vertices of C 2(m+2)+1 (1, m+2) and hence is a resolving set for C 2m+1 (1, m) for all m.
we have the following two cases:
and v i+k+1 ∼ y 2 in the graph G . Call the resulting graph G. Then, we have
Lemma 1: For each integer m ≥ 3, the graph G obtained by previous algorithm is isomorphic to C 2(m+2)+1 (1, m + 2).
Proof: For the chosen index i in Algorithm, relabel the vertices of G in the following two cases:
Case 1:
From the above two cases, we obtain V (G) = {v j : i ≤ j ≤ i+2m+4} with |V (G)| = 2m+5. Also, by definition, the circulant graph C 2(m+2)+1 (1, m + 2) has the vertex set U = {v j : i ≤ j ≤ i + 2m + 4} with |U | = 2m + 5. Thus, there always exists a bijection f : V (G) → V (C 2(m+2)+1 (1, m + 2)) defined by f (v j ) = v j that preserves adjacencies and nonadjacencies and hence is an isomorphism.
B. CODING
For an ordered set S = {v 1 Thus, we have the following useful remark: Remark 1: If U is a twin-set in a connected graph G of order n with |U | = l ≥ 2, then every resolving set for G contains at least l − 1 vertices of U .
IV. RESULTS
Using the distinct coding, given in the coding section, of the vertices of circulant network C 2m+1 (1, m) , and by using the concept of twin vertices in the circulant network C 2m+2 (1, m), we investigate our main results.
Firstly, we establish that only three vertices (when m is odd) and only four vertices (when m is even) are sufficient to the constant metric index of circulant networks C 2m+1 (1, m) . Secondly, we show that the family of circulant networks C 2m+2 (1, m) (m ≥ 2) is a family with unbounded metric index, which is a counter example for the popular belief that each family of circulant networks is a family of graphs with constant metric index.
Throughout this section, all the tables represent the distinct coding of the vertices of the graphs being considered. The triplets I 1 = (1, 1, 1) , and the 4-tuples I 2 = (1, 1, 1, 1 1, m) ) ≤ 3.
Proof: Without loss of generality, we choose i = 1 and a subset W = {v 1 , v 2 , v m+2 } of V (C 2m+1 (1, m) ). By applying induction on m, we prove that all the vertices in V (C 2m+1 (1, m) ) − W have distinct codes with respect to W and hence W is a resolving set for C 2m+1 (1, m). Table 1 indicates that, for m = 3, all the vertices in V (C 7 (1, 3) ) − W have distinct codes with respect to W . Therefore, W is a resolving for C 7 (1, 3) . By applying Algorithm on C 7 (1, 3) , we obtain the graph G with four new vertices x 1 , x 2 , y 1 and y 2 . We rename the vertices of
, and note that each vertex v l has the same code as v l . The codes of the new vertices are:
We note that all the vertices in V (G) − W have distinct codes with respect to W because all the vertices of C 7 (1, 3) have distinct codes with respect to W . So, we conclude that W is also a resolving set for G and hence for C 11 (1, 5) , by Lemma 1. This provides the basis for induction on m.
Suppose that W is a resolving set for C 2m+1 (1, m) and distinct coding of the vertices of V (C 2m+1 (1, m)) − W is described in Table 2 . Now, we show that W is a resolving set for C 2m+5 (1, m+2) . We obtain the graph G with four new vertices x 1 , x 2 , y 1 and y 2 by applying Algorithm on C 2m+1 (1, m) . We rename the vertices of C 2m+1 (1, m) in G as: v l = v l (1 ≤ l ≤ 2m+1) and observe that each vertex v l has the same codes as v l . While the codes of the new vertices are:
So, all the vertices in V (G) − W have distinct codes with respect to W since all the vertices of C 2m+1 (1, m) have distinct codes with respect to W . It follows that W is also a resolving set for G and hence for C 2m+5 (1, m+2) , by Lemma (1, m) ). By applying induction on m, we prove that all the vertices in V (C 2m+1 (1, m) ) − W have distinct codes with respect to W and hence W is a resolving set for C 2m+1 (1, m) . Table 3 indicates that, for m = 4, all the vertices in V (C 9 (1, 4) ) − W have distinct codes with respect to W . Therefore, W is a resolving for C 9 (1, 4) .
TABLE 3.
Distinct coding for C 9 (1, 4) with respect to the set
By applying Algorithm on C 9 (1, 4), we obtain the graph G with four new vertices x 1 , x 2 , y 1 and y 2 . If we rename the vertices of C 9 (1, 4) 4 and the newly added vertices have the following codes:
We note that all the vertices in V (G) − W have distinct codes with respect to W because all the vertices of C 9 (1, 4) have distinct codes with respect to W . So, we conclude that W is also a resolving set for G and hence for C 13 (1, 6) , by Lemma 1. This provides the basis for induction on m.
Suppose that W is a resolving set for C 2m+1 (1, m) . The codes of the vertices of V (C 2m+1 (1, m) ) − W are:
and the distinct coding given in the Table 4 . 
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Now, we show that W is a resolving set for C 2m+5 (1, m+2) . We obtain the graph G with four new vertices x 1 , x 2 , y 1 and y 2 by applying Algorithm on C 2m+1 (1, m) . If we rename the vertices of C 2m+1 (1, m) (v 3(k+1) )+J 4 and the newly added vertices have the following codes:
So, all the vertices in V (G) − W have distinct codes with respect to W since all the vertices of C 2m+1 (1, m) have distinct codes with respect to W . It follows that W is also a resolving set for G and hence for C 2m+5 (1, m+2) , by Lemma 1. Hence MI (C 2m+1 (1, m) ) ≤ 4 for every m ≥ 4 and (m is even). It completes the proof.
Consider a vertex, say v 1 on the principal cycle of
If v k is a good vertex for the pairs
Proof: By Lemma 3, we have MI (C 2m+1 (1, m) ) ≤ 3. Now for the lower bound, we show that there is no resolving set for C 2m+1 (1, m) consisting of two vertices. For this we prove that there always exists a good vertex for every pair {A, B} of the vertices of C 2m+1 (1, m) .
Without loss of generality, we suppose that A = v 1 . If we choose a good vertex v 2 for A, then it is good for every pair {A, B} such that B ∈ {v 2 , v 3 , v 4 , . . . , v m+2 }. For remaining pairs, we must find some good vertices. Next, we select a good vertex v m+1 for v 1 , then we see that it is good for all the remaining pairs {A, B} except B = v m+1 and B = v m+2 . For these vertices, we have no good vertex in the set {v 2 , v 3 , . . . , v m+1 } of good vertices for v 1 
). This completes the proof.
For any two vertices v i and v j on the principal cycle, the clockwise distance, denoted by d * (v i , v j ), is the distance measured in the clockwise direction from v i to 
We have the following cases:
(1) For all j; 1 ≤ j ≤ 
There is no good vertex for the triplets T j 1 in the set
(3) For all j; m + 2 ≤ j ≤ n − 2, the vertex v 2 is good for each triplet {v 1 , v j+1 , v l }, and it completes the proof.
A family of circualnt networks with unbounded metric index is investigated in this section. Our main result is the following:
Theorem 3: For m ≥ 2, m = 3, let C 2m+2 (1, m) be a circulant network of order 2m + 2. Then MI (C 2m+2 (1, m) 
For the upper bound, let W = {v i , 1 ≤ i ≤ m + 1} be the subset of V (C 2m+2 (1, m) ) of cardinality m + 1. To prove that W is a resolving set for C 2m+2 (1, m) , we show that every two elements of the set {v m+i , 2 ≤ i ≤ m + 1} are resolved by some vertex of W . For any fixed 2 ≤ i, j ≤ m + 1, (i = j), let v m+i and v m+j be any two distinct vertices. Then they are resolved by some vertex from the (C 2m+2 (1, m) ) ≤ m + 1. Hence, the proof is complete.
V. CONCLUSION
Firstly, one more family of circulant networks, denoted by C 2m+1 (1, m) , is explored whose metric index is independent of the choice of the number of vertices, which is, actually, in the favor of a popular belief that every family of circulant networks has metric index independent of the choice of the number of vertices. We proposed an algorithmic construction of C 2m+1 (1, m) , and investigated that only three vertices (when m ≥ 3 is odd) and only four vertices (when m ≥ 2) are needed to produce the metric index of C 2m+1 (1, m) . Secondly, we contradicted the aforesaid popular belief by presenting a counter example of a family of circulant networks C 2m+2 (1, m) , whose metric index depends upon the number of vertices. He has been an Executive Member of the National Mathematical Society of Pakistan, since 2016. Since 2014, he is serving as a Reviewer for Mathematical Reviews of American Mathematical Society. VOLUME 7, 2019 
